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Experimental Verification of Stability Theory for a
Planar Rigid Body with Two Unilateral Frictional
Contacts
Yizhar Or, Member, IEEE, and Pe´ter L. Va´rkonyi
Abstract—Stability of equilibrium states in mechanical systems
with multiple unilateral frictional contacts is an important prac-
tical requirement, with high relevance for robotic applications.
In our previous work, we theoretically analyzed finite-time
Lyapunov stability for a minimal model of planar rigid body
with two frictional point contacts. Assuming inelastic impacts
and Coulomb friction, conditions for stability and instability of
an equilibrium configuration have been derived. In this work,
we present for the first time an experimental demonstration
of this stability theory, using a variable-structure rigid ”biped”
with frictional footpads on an inclined plane. By changing the
biped’s center-of-mass location, we attain different equilibrium
states, which respond to small perturbations by divergence or
convergence, showing remarkable agreement with the predictions
of the stability theory. Using high-speed recording of video
movies, good quantitative agreement between experiments and
numerical simulations is obtained, and limitations of the rigid-
body model and inelastic impact assumptions are also studied.
The results prove the utility and practical value of our stability
theory.
Index Terms—Lyapunov stability, biped, quasistatic locomo-
tion, Zeno behavior, chattering
I. INTRODUCTION
MANY robotic systems are based on establishing con-tacts between bodies, for performing tasks of object
manipulation or locomotion. Several characteristic types of
contact-based robotic motion exist. In robotic grasping, con-
tacts are typically used to enforce kinematic constraints that
immobilize an object with zero relative motion, so contacts
are maintained persistent. On the other hand, dynamic tasks
such as object juggling and rapid legged locomotion involve
intermittent contacts where impacts induce non-smooth transi-
tions in contact states. An intermediate regime uses quasistatic
manipulation and locomotion tasks with non-prehensile con-
tacts. Such motion often relies on unilateral contacts that are
maintained in persistent no-slip state imposed by equilibrating
forces that satisfy frictional contact constraints. A common
example is quasistatic legged locomotion on rough terrain
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where gravitational load is resisted by contact forces at the
feet’s supports.
In the regime of quasistatic motion with unilateral contacts,
it is of practical importance to consider stability of multi-
contact equilibrium states under disturbances caused by model
uncertainties, joint coordination inaccuracies, irregular contact
surfaces, and more. Common approaches consider robustness
of the solution for equilibrium contact forces under distur-
bances such as localized elastic deformations at contacts [1],
[2] or margins of potential energy [3]. A main limitation
of these approaches is assuming persistent contacts without
accounting for dynamics under small initial perturbations
about equilibrium, that do not necessarily maintain contact
constraints. This is close in spirit to the well-known concept
of Lyapunov stability in dynamical systems theory [4]–[6].
Analysis of this type of dynamic stability in multi-contact
systems is challenging, since any small initial perturbation
of displacements and velocities immediately induce response
governed by hybrid dynamics involving non-smooth transi-
tions between contact states and impacts [7], [8]. Such systems
often involve complicated phenomena such as solutions with
Zeno behavior [9], [10] and more rarely, Painleve´ paradox
where friction-dominated solution is either indeterminate or
inconsistent [11]–[13].
A key component in analysis of motion under intermittent
contact is impact - a discontinuous jump in velocities, which
is based on assumption of rigid-body contact and lumping
the elastic-plastic contact interaction during the abrupt process
of collision into an instantaneous change [14]. Despite the
complicated nature of collision mechanics, several rigid-body
models of impact exist, with limited levels of accuracy and
reliability. In a single-contact frictionless impact, a common
assumption is constant coefficient of kinematic restitution of
the normal velocity, as in the well-known bouncing ball ex-
ample and its variations [15], [16]. This model naturally leads
to Zeno solutions, which contain an infinite sequence of expo-
nentially decaying impacts, accumulating in a finite amount of
time [9], [10]. Single-contact impact under Coulomb’s friction
is more complicated and is treated using several models, e.g.
[17], [18] . Rigid-body impacts in multiple-contact systems is
an even more complicated issue [7], [19]–[21], that has been
analyzed extensively in rocking-block examples of a single
rigid body in planar motion under gravity [22], [23].
Incorporating impacts and contact states transitions into
stability analysis of multi-contact equilibria, Or and Rimon
[24] analyzed the hybrid dynamics of a planar rigid body
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with two frictional contacts assuming frictionless impacts
with kinematic restitution. They derived highly conservative
conditions for finite-time Lyapunov stability of frictional equi-
librium states, where the perturbed solutions converged to a
nearby two-contact equilibrium via Zeno sequences of single-
contact or alternating two-contact impacts. The work [25]
studied stability of frictional equilibrium sets of planar me-
chanical systems under multiple frictional contacts, assuming
impact laws under kinematic restitution coefficients. Their
stability conditions are based on choosing total mechanical
energy as a Lyapunov function guaranteeing that the solution
converges to the equilibrium set while staying close to the
minimum of potential energy. This is fundamentally different
from Lyapunov stability of a specific equilibrium point which
is embedded within a continuous set of equilibria, where the
solution is required to stay within a bounded neighborhood
of that particular point, while a minimum of potential energy
may be located further away from it.
A simplifying model which is often realistic for contacting
surfaces made of rough compliant material such as rubber pads
is inelastic impact, which assumes that the relative normal
velocity vanishes immediately after collision [26], [27]. In
multi-contact or multi-body systems, this model still leads
to rich and complex hybrid dynamics. Posa et al [28] have
proposed a computational approach for proving Lyapunov
stability of equilibria under multiple frictional contacts and
inelastic impacts using iterative construction of sum-of-square
Lyapunov functions for estimating region of attraction. The
main limitations of [28] are conservatism of the stability
conditions, and the lack of criteria for identifying instability
of frictional equilibria. The earlier work of Or and Rimon
[29] has identified an instability mechanism termed ambiguous
equilibrium where several contact states are simultaneously
feasible. The later work of Varkonyi et al [30] has analyzed
another instability mechanism called reverse chatter [31]
which is a Zeno-like sequence of inelastic impacts and contact-
state transition with exponentially-diverging magnitude. In a
followup unpublished work by the same authors of [30], this
phenomenon has been observed experimentally for the first
time in a mechanical system, using a simple prototype of
a rigid “biped” on a slope, after imposing a slight initial
perturbation from frictional equilibrium state. Our recent joint
work [32] presented theoretical analysis of finite-time Lya-
punov stability for a planar rigid body with two frictional
contacts and frictional inelastic impacts. The analysis in [32]
reduced the hybrid dynamics of the system in close vicinity
of an equilibrium state to a scalar Poincare´ map R and scalar
magnitude-growth function G, which together encompass the
entire response and contact state transitions. Under specific
restrictions called persistent equilibrium, the work [32] derived
theoretical conditions for stability and instability of frictional
two-contact equilibria based on properties of the semi-analytic
functions R and G, and showed how stability can depend on
structural parameters such as friction coefficients and center-
of-mass location relative to contact positions.
The goal of this work is to present, for the first time, an
experimental demonstration of our stability theory from [32].
Motivated by the previous unpublished followup work of [30],
Fig. 1. (a): Parameters of a rigid body on two frictional point contacts. (b):
The special case of body on a slope under gravity (c): State variables.
our experimental setup consists of a rigid “biped” with variable
structure, which is perturbed from frictional two-contact equi-
librium state on an inclined plane. We first present extension of
our theoretical analysis in [32] to account for a relaxed notion
called weakly-persistent equilibria and also derive a simpler
stability condition. Both modifications cover cases which are
relevant to actual properties of our experimental biped and
contact geometry. Upon shifting the biped’s variable center-of-
mass, our theoretical predictions indicate changes between the
two instability mechanisms towards stability. These stability
transitions are demonstrated experimentally, and high-speed
camera recording enables tracking the biped’s motion for
quantitative comparison with theoretical simulations, as well
as assessing the validity of our rigid-body model assumptions.
We find excellent qualitative and good quantitative agreement
between the theoretical predictions and experimental measure-
ments, and conclude that our model slightly underestimates
stability, where discrepancies are mainly due to added energy
dissipation caused by damped elastic vibrations and footpads’
compression during impacts. The results demonstrates the
utility and practical value of our stability theory.
The manuscript is organized as follows. The next section
presents the statement and mathematical formulation of the
problem. Section III reviews the stability theory from [32]
while Section IV presents some extensions of the theory
and simulation examples. Section V presents the experiments
and analysis of their results. Finally Section VI presents a
concluding discussion.
II. PROBLEM STATEMENT, NOTATION
We analyze the stability of equilibria of a two-dimensional
model of a rigid body making contact with a rough, rigid
surface at points p1,p2, under constant external loads (Fig.
1). The loads as well as the positions and directions of the
supports are arbitrary. Model parameters (Fig. 1a) include the
mass m and radius of gyration ρ of the object, the geometric
parameters h, li (i = 1, 2) specifying the locations of the
contact points pi relative to the center of mass (CoM), φi
representing the directions of the contact normals, and µi the
Coulomb friction coefficients (static and dynamic coefficients
are assumed to be equal). The total external load is expressed
as net force vector of magnitude fext and angle α and net
torque τex. The experimental results presented in this paper
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focus on objects on slopes under gravity, i.e. φ1 = φ2 = 0,
τex = 0. In this case, α becomes the slope angle (Fig. 1b).
Continuous motion of the object is governed by the Newton-
Euler equations of rigid body dynamics:
mr¨C = fex + f1 + f2
mρ2θ¨ = τex + r1 × f1 + r2 × f2
(1)
where rC = (x, z) is the position vector of the center of mass,
θ is the rotation angle of the object, ri are vectors pointing
from the center of mass to the vertex points (Fig. 1c), and fi
are contact forces .
Let xi, and zi denote tangential and normal displacements
of the vertex points with respect to the initial equilibrium
configuration (Fig. 1c). Throughout the analysis, we use the
set of generalized coordinates q = (z1, z2, x2)T and its time
derivative q˙ to represent states of the object. The initial
equilibrium corresponds to q = q˙ = 0. The equations of
motion (1) are transformed into the new variables as
mq¨ =
−fex cos(α− φ1) + ρ−2τexη1−fex cos(α− φ2) + ρ−2τexη2
fex sin(α− φ2) + ρ−2τexξ2
 ...
+
2∑
i=1
fzi
1 + ρ−2ηiη11 + ρ−2ηiη2
ρ−2ηiξ2
+ fxi
 ρ−2ξ1η1ρ−2ξ2η2
1 + ρ−2ξ1ξ2
 (2)
where fzi , and f
x
i are normal and tangential components of
fi, furthermore
ηi = li cosφi − h sinφ1
ξi = h cosφ1 + li sinφ1.
The contacts are assumed unilateral, and contact forces obey
Coulomb law: |fxi | ≤ µifzi . This implies that each contact
force vector fi must lie within a friction cone centered about
the contact normal, see Fig. 1a. The frictional relations can be
compactly formulated using complementarity relations [33] as
fzi , zi ≥ 0 = fzi · zi
fzi , z˙i ≥ 0 = fzi · z˙i, if zi=0
fzi , z¨i ≥ 0 = fzi · z¨i, if zi=z˙i=0
fxi = −µisgn(x˙i)fzi
(3)
Here, sgn denotes the set-valued sign function. We exclude
all cases in which high friction coefficients give rise to non-
uniqueness or non-existence of the forward solution in a non-
static state (i.e. Painleve´ paradox [11]).
Impacts are modeled as instantaneous velocity jumps. The
normal (fˆzi ) and tangential (fˆ
x
i ) contact impulses and post-
impact normal (z˙+i ) and tangential (x˙
+
i ) velocities are assumed
to satisfy the relations
fˆzi , zi ≥ 0 = fˆzi · zi
fˆzi , z˙
+
i ≥ 0 = fˆzi · z˙+i , if zi=0
fˆxi = −µisgn(x˙+i )fˆzi
(4)
for i = 1, 2. The second equation means that impacts are
ideally inelastic, furthermore each point involved in a double
impact (z1 = z2 = 0) is either passive (with z˙+i ≥ fˆzi = 0) or
active and behaves according to the requirement of inelasticity
(fˆzi ≥ z˙+i = 0). The last equation implies that impacts obey
Coulomb friction law with the same coefficients as continuous
motion. The requirements established above yield a unique
solution, except for the rare non-uniqueness for some double
impacts [21]. For that case, the model is complemented with an
a priori order of preference between various types of impacts:
impact with two active points preferred over impacts with only
one active point; and sticking impact preferred over slipping.
We use a slightly modified version of classical Lyapunov
stability as proposed in our prior work [32]. This condition
ensures that the response of the object to any sufficiently small
admissible (i.e. penetration-free) state perturbation results in
finite-time motion staying in a small neighborhood of the
initial equilibrium and ending at another nearby equilibrium
state. Formally, we introduce the distance metric
∆(q, q˙) = max
(√
z1,
√
z2,
√
|x2|, |z˙1|, |z˙2|, |x˙2|
)
. (5)
and the definition
Definition 1. Let q=0 be an equilibrium configuration of a
planar rigid body on two frictional contacts. This configu-
ration is called finite-time Lyapunov stable (FTLS) if for
every arbitrarily small  > 0 there exists δ > 0 such that
for any kinematically admissible initial position-and-velocity
perturbation (q(0), q˙(0)) that satisfies ∆(q(0), q˙(0)) < δ,
the emerging motion q(t), q˙(t) satisfies ∆(q(t), q˙(t)) < ε
for all t > 0. Moreover, the solution must reach a static
equilibrium configuration where q˙=0 in a finite time tf that
satisfies tf < ε.
III. REVIEW OF PREVIOUS ANALYSIS
We now review the analysis and the main results of [32].
A. Consistency analysis of contact modes
We follow the hybrid dynamics approach, which is less
compact than the approach of complementarity theory [33], yet
it offers deeper insight into the detailed course of the motion.
During continuous motion, each contact point is in one of
4 modes including free motion (F), sticking (S) or slipping
in the positive or negative xi directions (P,N). These modes
corresponds to different values of sgn(x˙i) as well as different
combinations of equalities and inequalities in (3). Accordingly,
one needs to distinguish between 42 = 16 possible two-
contact modes for the body, each of which is characterized
by a two-letter word from the alphabet {F, S, P,N}. If we
exclude the degenerate geometric arrangements corresponding
to cosφi = 0, then exactly eight of these are kinematically
admissible due to the constraints of rigid body kinematics.
For example, exactly one of the PP , and PN modes is kine-
matically admissible. Mode PS is never admissible, whereas
mode SS corresponds to static equilibrium and it is always
kinematically admissible.
Each contact mode is associated with equality and inequality
constraints [32]. For each mode M, there are altogether 4
equality constraints in the variables fzi , f
x
i , z¨i, x¨i. These can be
combined with (2) in order to determine the generalized accel-
eration of the system q¨M(q, q˙) and the corresponding contact
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forces fMi (q, q˙) as functions of the state variables. As the
model is used to investigate motion in a small neighborhood
of the initial state q = q˙ = 0, the work [32] introduced the
zero-order dynamics (ZOD) approximation. Under the ZOD,
contact force and acceleration values are approximated in
each contact mode by constant values q¨M := q¨M(0, 0), and
fMi := f
M
i (0, 0). The velocity jumps associated with impacts
are calculated by using similar approximations. All results
summarized below refer to motion of the object under ZOD.
By testing the remaining inequality constraints of each con-
tact mode, one can decide which contact mode is consistent in
a given state. We exclude systems with marginally consistent
contact modes where consistency depends on higher-order
terms neglected by the ZOD. Once these non-generic situations
are eliminated, consistency analysis under ZOD becomes
straightforward, and it uncovers some important properties of
the system:
• If SS is consistent in the initial state (q = q˙ = 0), then
that state is a frictional equilibrium
• If any other mode is also consistent in the initial state,
then that state is an ambiguous equilibrium. As we point
out below, ambiguity always implies instability.
• If every non-static (q˙ 6= 0) state in a small neighborhood
of an equilibrium has a unique consistent contact mode
(and thus unique forward acceleration) under the ZOD,
then the equilibrium is said to be free of Painleve´’s
paradox, or simply non-Painleve´. As it has been pointed
out, our analysis is restricted to non-Painleve´ equilibria.
• Consider the set of non-static states with two sustained
contacts (zi = z˙i = 0, x˙i 6= 0). If for all of these states,
there exists a unique consistent mode, which belongs
to the set {PP,NN,PN,NP}, then the equilibrium
configuration q=0 is called persistent equilibrium. Per-
sistence outrules transitions from states with two sus-
tained contacts into states with less than two contacts,
which facilitates the analysis. In [32] the stability analysis
was restricted to persistent equilibria. In this paper the
requirement of persistence is replaced by a less restrictive
one, which allows the theoretical investigation of our
physical experiments.
B. Hybrid dynamics
In [32], we performed a detailed analysis of the hybrid
dynamics induced by a small perturbation of an unambiguous
equilibrium. The results of that analysis are illustrated by the
contact mode transition graph in Fig. 2. Rectangular nodes
with white background represent continuous-time motion in
various contact modes, and rounded nodes with white back-
ground denote instantaneous impacts. Node 1 corresponds to
contact-free motion with arbitrary initial condition, which may
follow immediately after the initial perturbation. In contrast,
the label FF˜ at node 3 indicates contact-free motion with
a special initial condition z2 = z˙2 = 0, which may occur
multiple times during the motion (see details in [32]). Nodes
IF and FI mean single-point impacts while the other contact
point is separated. Node II means a double impact with both
points in contact.
Fig. 2. Transition graph of the hybrid dynamics under ZOD in the neighbor-
hood of an unambiguous equilibrium. Rounded nodes denote instantaneous
impacts, and rectangular nodes represent continuous-time motion.
The dashed arrows of the graph correspond to transition
which are only possible in the neighborhood of a non-
persistent equilibrium, and thus they are eliminated during the
analysis of persistent equilibria. The main challenge of the
analysis in [32] is dealing with closed loops of the transition
graph within the area highlighted by grey background, which
corresponds to infinite sequences of impacts and continuous
motion. Such a sequence may cause unbounded divergence
from the initial state (implying instability of the equilibrium),
or it may correspond to gradually decaying motion of infinitely
many cycles completed in finite time. The second option
corresponds to so-called Zeno behavior, which is a generic
phenomenon in hybrid mechanical systems. In the present
system under analysis, Zeno behavior implies converges to a
state with two sustained contacts through an infinite sequence
of impacts. This is represented in the figure by a special node
labelled as ”Zeno point”. If the system escapes the infinite
loop for all possible initial perturbations, either through a Zeno
point, or through a double impact (node 7), then it eventually
reaches static equilibrium (node 9), hence it is FTLS. Accord-
ingly, the stability analysis boils down to analyzing the motion
while the system undergoes cyclic transition cycles within the
loop denoted by gray region in the graph.
We also found in [32] that the system can undergo at most
two consecutive impacts before it crosses a three-dimensional
Poincare´ section (see Fig. 2) S corresponding to pre-impact
states, in which vertex point 2 reaches the contact surface,
while point 1 stay has sustained contact:
S = {(q, q˙) ∈ R6 : z1 = z2 = 0, z˙−1 = 0 and z˙−2 < 0}. (6)
S is parametrized by pre-impact values of three variables,
augmented in the vector y = (x2, z˙−2 , x˙
−
2 ). The associated
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Poincare´ map is defined as P : S → S which maps a point
y of initial conditions on the section S to the values at the
next time that the state of the solution trajectory crosses S.
That is, the map induces a discrete-time dynamical system
y(k+1) = P(y(k)) of the pre-impact states once every step
of this impact event. We also found that P may be undefined
for some initial conditions y ∈ S, where the solution reaches
static equilibrium (node SS) without intersecting S again.
Invariance properties of the ZOD enable (see [32]) to define
a reduced scalar Poincare´ map R in the variable
ϕ = tan−1
(
x˙−2
|z˙−2 |
)
. (7)
over the open interval I : (pi/2, pi/2):
ϕ(k+1) = R(ϕ(k)). (8)
and a related scalar function called growth map G : I → R+,
defined as
G(ϕ(k)) =
|z˙(k+1)2 |
|z˙(k)2 |
. (9)
Similarly to P, the reduced maps R, G may also be undefined
at some parts of I . The stability and instability conditions of
[32] are expressed in terms of the maps R and G.
As we will see, fixed points of R, i.e. those values ϕ∗ ∈ I
with ϕ∗ = R(ϕ∗) as well as the corresponding growth
rates G∗ := G(ϕ∗) are of special importance. Such points
correspond to cyclic motion of the system, during which it
undergoes scaled versions of the same trajectory repeatedly.
The duration of subsequent cycles as well as the peak veloc-
ities scale by a factor of G∗, and subsequent peak values of
zi scale by a factor of (G∗)2.
C. Sufficient conditions of instability
In some cases, proving the instability of an equilibrium is
straightforward. In particular, it was proven by [34] that
Theorem 1 ( [34]). Ambiguous equilibrium states do not
possess finite-time Lyapunov stability.
This result follows from the fact that each ambiguous
equilibrium can be perturbed in such a way that it moves
in its consistent non-static contact mode and diverges from
the equilibrium state monotonically (under he ZOD) without
impacts or contact mode transitions. In the current paper,
we will present experimental evidence of the instability of
ambiguous equilibria.
The stability analysis of unambiguous equilibria is more
subtle. In principle, unambiguity implies that whenever one
or two contacts lift off in response to a small perturbation,
the system must undergo hybrid motion involving episodes of
continuous motion in various contact modes interleaved by im-
pacts. In a model consisting of ideally rigid components, this
motion may converge through an infinite sequence of impacts
to another nearby equilibrium in finite time (Zeno behaviour)
or the system may diverge through a sequence of impacts
exponentially from its initial state (reverse chatter [35]). These
complex forms of motion were succesfully analyzed by [32]
with the aid of the Poincare´ maps introduced in Sec. III-B.
In order to prove instability of an unambiguous equilibrium,
it is sufficient to find one particular type of infinitesimal pertur-
bation, for which the system diverges from equilibrium. This
simple observation leads immediately to a simple sufficient
condition of instability:
Theorem 2 ( [32]). If the reduced Poincare´ map R(ϕ) asso-
ciated with the ZOD in the neighborhood of an equilibrium
configuration has a fixed point ϕ∗, for which the corresponding
growth rate is G∗ > 1, then the equilibrium configuration is
not FTLS.
Even though the theorem only gives a sufficient condition
of instability, we found by examining many examples numeri-
cally, that almost all occurrences of instability are captured
by this condition. One example of instability captured by
Theorem 2 is presented in Sec. III-E (example B).
D. Sufficient conditions of stability
Stability means that the system remains in a small neigh-
borhood of its initial configuration in response to any type of
infinitesimal perturbation. The stability of persistent equilibria
is guaranteed if the growth function is everywhere below 1 as
stated by
Theorem 3 ( [32] ). If for a persistent equilibrium, G(ϕ) < 1
for all ϕ ∈ I where R(ϕ) is defined, then the equilibrium
configuration is FTLS.
The proof of Theorem 3 in [32] is based on the observation
that G(ϕ) < 1 implies that impact sequences triggered by
perturbations decay exponentially, until the system returns to
two sustained contacts. Once the system has two sustained
contacts, persistence guarantees that both contacts are pre-
served, and unambiguity implies that slipping on two contacts
deccelerates until the systems stops at a nearby equilibrium
configuration.
In many cases, an equilibrium is stable but G(ϕ) < 1 holds
only for some but not for all values of ϕ. Then, one can
examine the return map R(ϕ) in order to see, which ranges of
ϕ are visited repeatedly during the motion of the system. After
that, the requirement of G(ϕ) < 1 can be narrowed down to
relevant ranges of ϕ. The paper [32] introduced the concept
of stable partitions, which was defined as a partitioning of
the I : (−pi/2, pi/2) interval into two subsets: a ‘safe’ set
where G(ϕ < 1) and a ‘transient’ set which is left by the
map R after finite number of iterations. A formal definition
of stable partitions is given in the Appendix. The concept of
stable partitions allowed us in [32] to prove
Theorem 4 ( [32]). If for a persistent equilibrium, a stable
partition exists, then that equilibrium is FTLS.
It should also be noted that the existence of a stable partition
appears to be equivalent to requiring G(ϕ) < 1 over the
non-wandering set of the map R [36, Sec. 3.2] where ‘non-
wandering set’ is a concept widely used in the mathematical
theory of maps. The formal proof of this equivalence is beyond
the scope of our work.
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E. Examples
The results of the theoretical analysis are now presented for
three configurations (Fig 3, top). All of them correspond to
unambiguous equilibria. The R(ϕ) and G(ϕ) maps have been
computed numerically for each one and are also depicted in
Fig. 3.
Configuration A corresponds to an unused configuration of
the experimental setup introduced below. Its equilibrium is
persistent, and existing stability conditions ensure that it is
finite-time Lyapunov stable. In particular, Theorem 3 is appli-
cable, as we have G(ϕ) < 1 for all ϕ ∈ I . The corresponding
R map has three fixed points denoted by ϕ∗1, ϕ
∗
2 = 0, ϕ
∗
3,
in addition to two asymptotic fixed points at the endpoints
±pi/2. Among these, ϕ∗1, and ϕ∗3 are repulsive, whereas ϕ∗2,
and the endpoints ϕ = ±pi/2 are attractive, which means that
the typical response of the object to a small perturbation under
the ZOD may follow several different patterns (after initial
transients have died out). Fig. 4a,b,d,e show displacement-
time plots to illustrate two of these alternative forms of
motion.Impacts are denoted by filled circles markers in the
time plots. Both trajectories converge to static equilibrium in
finite time through a Zeno point, denoted by ’x’ in the time
plots. The first motion sequence corresponds to ϕ → ϕ∗2, in
which case a decaying sequence of impacts leads to static
equilibrium (SS) directly. The second sequence corresponds
to ϕ→ pi/2, in which case the decaying sequence of impacts
is followed by additional two-contact slippage (PP mode) until
the object stops (SS mode). Also note the different decay rates
corresponding to the values G∗2, and G(pi/2).
Configurations B,D of Fig 3 have been tested in our physical
experiments. The corresponding theoretical G maps are nearly
identical, while the R maps are constant everywhere except
for a very small neighborhood of −pi/2. Accordingly, the R
maps have a single, globally attractive fixed point ϕ∗, which
is almost always reached in a single iteration. This property
implies that the response of the object under the ZOD is not
sensitive to the exact type of the initial perturbation, and initial
transients disappear rapidly. Such a property makes these
configurations particularly suitable for physical experiments.
Importantly, the equilibria of both configurations are non-
persistent, and thus they fall outside the scope of the stability
theory previously published in [32]. Nevertheless, numer-
ical simulations suggest that configuration B is stable as
its response to perturbations convergence to a nearby two-
contact equilibrium through a Zeno sequence of impacts [34].
Cases like this one are our main motivation to develop the
generalized stability theory in Sec. IV. Configuration D is
provably unstable by Theorem 2, as the R map has a fixed
point ϕ∗5 with growth rate G
∗
5 > 1. Instability corresponds
to divergent motion in response to an initial perturbation.
Moreover, the global attractivity of ϕ∗5 under R implies that
any type of perturbation induces divergence through reverse
chatter [37]. This type of motion is demonstrated in the time
plot of Fig. 4c,f. Importantly, the only difference between
configurations B and D is the position of the CoM relative to
the vertex points. This makes these configuration suitable for
studying transitions from stability to instability experimentally
Fig. 3. Top: Three examples of biped configurations. Circles denote the
biped’s radius of gyration ρ. Model parameters are α = 25◦, φ1 =
φ2 = 0, µ1 = 0.3150, µ2 = 1, ρ = 143.0mm, l1 = −51.2mm, l2 =
168.8mm, h = 134.1mm for (C1), identical values except ρ =
146.9mm, l1 = 16.1mm, l2 = 76.1mm for (B), and ρ = 137.9mm,
l1 = 28.8mm, l2 = 88.8mm for (D). Bottom: R and G maps associated
with these configurations. Invariant points ϕ∗k of the R map are highlighted
by square markers. Note that the G(ϕ) functions corresponding to B and D
are nearly identical, and the R(ϕ) functions are almost everywhere constants
(except in a small neighborhood of −pi/2).
by varying the position of the CoM.
IV. EXTENSION OF THE STABILITY THEORY
Our previous work focused on persistent equilibria. How-
ever, the experiments presented in the sequel reveal that many
configurations of practical interest are indeed non-persistent,
similarly to configurations B,D in Fig. 3. To address this issue,
we now present an extension of the theory to a broader class
of equilibria.
Non-persistence has two important consequences. First of
all, non-persistent systems may undergo transitions from two
contacts (z1 = z2 = z˙1 = z˙2 = 0) to a state with less
than two contacts. Our systematic investigations reveal that
this phenomenon may not occur but for a very small fraction
on non-persistent equilibria. Even though our stability theory
could be extended to include such systems, we leave this for
future work.
Non-persistence has another possible consequence, which
occurs much more frequently. All proofs in [32] use certain
properties of the maps R(ϕ) and G(ϕ), which are true for all
persistent systems. The maps associated with non-persistent
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Fig. 4. Numerical simulation of motion under the ZOD induced by a small initial perturbation. For the persistent, and stable posture A (see Fig. 3), the
motion sequence converges to an equilibrium for any small initial perturbation. Two possible trajectories are shown in panels (a,d), and (b,e). For each of
them, an infinite sequence of impacts terminates at a Zeno point (x marker). In the first case, the Zeno point corresponds to a state of equilibrium, whereas
for the second one, it corresponds to finite slip velocity, and additional slip motion (dotted curves) terminates at equilibrium. For the weakly persistent, and
unstable equilibrium posture D (see Fig. 3), a small initial pertubation results in divergent motion during which the object repeatedly switches between slip
motion on point p1, and roll motion on point p2 via a sequence of impacts represented by filled circles (panel c,f).
equilibria may also behave differently. We will address this
problem in the sequel.
In what follows, we generalize Theorem 4 to those non-
persistent equilibria, for which transition from two-contact
states back to single contact can be excluded despite non-
persistence. To this end, we introduce the concept of weak
persistence:
Definition 2. An equilibrium state is weakly persistent if
it is unambiguous and additionally for both directions of 2-
contact slip motion (zi = z˙i = 0, ±x˙2 > 0), at least one of
the following conditions is satisfied:
1) In each state with this slip direction, slipping without
separation (PP, NN, PN, or NP mode) is the only
consistent contact mode under the ZOD.
2) The corresponding 2-contact slip mode (PP or NP when
+x˙2 > 0, and NN, PN, when −x˙2 > 0) is not attractive
in the following sense:
a) Transition to that particular mode through a Zeno
point is not possible, i.e. either
| lim
ϕ→±pi2
R(ϕ)| < pi/2 (10)
or
lim
ϕ→±pi2
R′(ϕ) > 1 (11)
b) Nor is it possible to transition to that particular
mode through a double slipping impact, i.e. there
is no ϕ for which the trajectory includes a slipping
double impact with the appropriate slip direction.
Note that weakly persistent equilibria include all those
equilibria, where for each of the two possible slip directions,
either transition from two-point slip to a state with less than
two contacts is impossible (condition 1) or a state of double
slip is never reached (condition 2). This set includes all
persistent equilibria, which satisfy condition 1 for both slip
directions.
With the new definition at hand, we can state a straightfor-
wards extension of Theorem 4, which is the main theoretical
constribution of this paper:
Theorem 4a. If for a weakly persistent equilibrium, a stable
partition exists, then that equilibrium is FTLS.
Indeed the proof of the extended theorem is largely the same
as the proof of Theorem 4 in [32] with some differences caused
by relaxing the requirement of persistence.
First, the original proof in [32] used the requirement of
persistent equilibrium to ensure that once two-contact state is
reached, both contacts are maintained until the object stops.
The extended theorem requires weak persistence, but this
property has the same consequence, as we pointed out above.
A second difference in the proof arises from the possibility
of special behavior of the maps R, and G at the limit points
|ϕ| → pi/2, which is not possible in the case of persistent
equilibria. In order to tackle this issue, we review in the
appendix those definitions and proofs used by Theorem 4,
which rely on persistence. Then, we also present all additions
necessary to prove the more general Theorem 4a.
The last theoretical contribution is a corollary of the main
stability theorem, which enables a simple and intuitive stability
test in many cases:
Theorem 5. If for a weakly persistent equilibrium, the asso-
ciated R(ϕ) function is non-decreasing, and G(ϕ∗) < 1 for
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each fixed point ϕ∗ of R, then that equilibrium is FTLS.
The proof of this theorem appears in the Appendix. For non-
decreasing R maps, the new theorem is a perfect replacement
for Theorem 4a. It is also notable how Theorem 2 and Theorem
5 provide a nearly complete stability classification of frictional
equilibria.
Numerical computations suggest that objects on a slope
always induce monotonic R maps as exemplified by the three
configurations of Fig. 3. Accordingly, Theorem 5 ensures the
stability of configurations A,B.
V. EXPERIMENTS
We now describe the experiments conducted in order to
corroborate our stability theory. The experimental setup (Fig.
5) consists of a variable-structure biped with two frictional
footpads p1,p2 supported in equilibrium on a inclined bar
with adjustable slope angle. The biped consists of an elongated
rectangular beam (mass 124gr) with a series of equally spaced
drilled holes. Two slender legs (40gr) with adjustable lengths
and two heavy cylindrical weights (195gr each) are mounted
onto the beam’s holes in different locations which can be
varied in order to control the legs’ spacing and center-of-
mass (CoM) position. Two hemispheres made of rubber balls
are glued at the end of the legs. The biped moves between
two vertical plexiglass plates and four spacers ensure that its
motion is constrained to the vertical plane. One of the rubber
footpads (the “upper” one p1) is covered with tape in order
to reduce its friction. The static friction coefficients of the
two feet have been measured in preliminary static tests on
the variable slope, and their mean values were found to be
µ1 = 0.315 and µ2 = 1. In each dynamic experiment, the
biped is first placed in two-contact equilibrium on a fixed
slope and then slightly perturbed and released in order to test
the dynamic response in vicinity of equilibrium. A movie of
some experiments is included in the supplementary multimedia
extension.
We conducted two sets of experiments. In the first set, we
varied the legs’ lengths ∆legs and the location of one heavy
cylinder while the spacing between the two legs was kept
constant at distance of 60mm. By doing so, the biped’s center-
of-mass positions (xc, zc) covered a discrete grid of 13 × 5
Fig. 5. (a) Our experimental setup - biped on a slope. (b) The biped with
attached circular markers for motion tracking.
Fig. 6. Comparison of CoM stability regions, experiments vs. theory: Plot
of the biped on slope with fixed contact points and variable CoM location.
({x, z} axes are rotated to match tangential and normal directions of the plane,
tilted arrow denotes direction of gravity). Color-shaded regions denote CoM
locations for ambiguity-instability, reverse-chatter instability and stability,
according to our theory. Discrete markers denote qualitative experimental
characterization of the biped’s response to perturbation: ‘•’ - no equlibrium.
‘+’ - ambiguity-instability. ‘×’ - reverse-chatter instability. ‘*’ - stability.
Dashed lines denote friction cone boundaries emanating from the contact
points p1,p2.
points, where the {x, z} axes are {aligned with, normal to} the
inclined slope. Each position was first tested for maintaining
static equilibrium, and the feasible equilibrium postures have
been perturbed by slightly lifting and releasing one of the
footpads. The biped’s motion typically consisted of a sequence
of alternating impacts at the two footpads, which have been
recorded by a regular Smartphone camera (frame rate 30
fps) and classified as stable or unstable. Situations of highly
sensitive equilibrium which tends to slide and tip over without
further impacts were classified as ambiguous equilibria.
Figure 6 shows a a grid of CoM positions of all experiments,
marked according to their stability classifications. Markers ‘*’
denote stable equilibrium while ‘×’ denote unstable ones and
‘•’ denote no feasible equilibrium. Two cases which were
identified as ambiguous and unstable equilibrium are denoted
by ‘+’. The discrete grid is overlaid on continuous color-
shaded regions of {infeasible, ambiguous, unstable, stable}
equilibrium, computed using our theoretical stability analysis
as described in Section IV. (Note that shifting the weights also
imposes changes in the biped’s moment of inertia, which are
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(a) 
(b) 
Fig. 7. Experiment C (stable): comparison between experimental measure-
ments (solid curves) and theoretical ZOD simulations (dashed). (a) Normal
displacements zi(t). (b) Tangential displacements xi(t), with shifted initial
values at t = 0.
also accounted in our ZOD analysis). One can observe a good
qualitative agreement between theory and experiments. In
particular, the experiments capture the main trend in stability
changes: moving the CoM downhill along +x direction (by
shifting the heavy cylinder’s mounting point along the beam)
or up in +z direction (by extending the legs’ lengths) increases
the stability. The exact values of stability transitions are highly
sensitive to variations of the lower friction coefficient µ1 (see
Fig. 8 below for further illustration of this point).
In the second set of experiments, we used a fast camera
(Samsung EX2F, frame rate 120 fps) for accurate tracking of
the biped’s motion due to perturbation from equilibrium, for
selected cases of the biped’s structure (mainly legs’ lengths
of ∆legs = {110mm, 135mm}). Circular markers have been
attached to the biped for motion tracking, see Figure 5b.
Processing of the video movies of the experiments has been
conducted using the commercial software TEMA. Using rigid-
body kinematics and known geometric relations, the footpads’
positions have been calculated using the tracked markers’
positions, and decomposed into their normal and tangential
components xi(t), zi(t), after calibration with respect to their
values at two-contact equilibrium state. While the complete
raw data appears in the supplementary material, we show
here representative examples of data analysis for two specific
experiments with legs length of 110mm and different CoM
position xc, which are denoted by C (stable point) and E
(unstable point) in the grid of Fig. 6. Time plots of the normal
displacements zi(t) and tangential displacements xi(t) of the
two footpads for configuration C are shown in Fig. 7, while
results for configuration E are shown in Fig. 8. The dashed
curves denote the results of ZOD simulations under the same
(a) 
(b)
Fig. 8. Experiment E (unstable): comparison between experimental measure-
ments (solid curves) and theoretical ZOD simulations (dashed). (a) Normal
displacements zi(t). (b) Tangential displacements xi(t), with shifted initial
values at t = 0.
initial conditions and geometric parameters of the biped. In the
plots of xi(t) (Fig. 7b and 8b), the curves grow monotonically
in time and have been separated vertically by adding different
constant values in order to improve visibility. One can see
excellent qualitative and moderate quantitative agreement be-
tween the theoretical ZOD-based simulation and the measured
motion. Main observations are as follows. First, in Fig. 7a
and 8a of zi(t), the simulations and experiments both capture
the alternating order of footpads’ contact-separation and the
convergence (Fig. 7a) or divergence (Fig. 8a) of the bouncing
sequences. Second, the restitution and growth ratio between
consecutive impacts in the experimental measurements are
clearly lower than those in the theoretical simulations. One
clear reason for this is the small apparent “penetration” zi < 0
which occurs in both footpads right after impacts (zi = 0 is
calibrated at rest in two-contact equilibrium). This is caused
by compression of the rubber hemispherical footpads, com-
bined with elastic deflection of the slender legs. This effect
contributes to increased energy dissipation beyond the losses
due to rigid-body impacts predicted by the theoretical model.
In addition, closer look on the curves of zi(t) of contact-
free footpads reveals small superposed oscillations caused by
elastic vibrations of the biped’s slender structure (beam and
legs), which are also not accounted by the rigid-body model.
As for the tangential motion xi(t) in Figs. 7b and 8b, under
ZOD model the tangential motion of both contact is identical
(assuming negligible body rotations). The horizontal dotted
line segments at the top of Fig. 7b denote alternating time
intervals where each footpad is in contact. This illustrates
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legs=110mm 
legs=135mm 
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Fig. 9. The squared growth ratio (G∗)2 as a function of horizontal CoM
position xc for different leg lengths of (a) yleg = 110mm and (b)
yleg = 135mm. Discrete dots with error bars are mean values calculated
from measurements in experiments. The solid curves are from theoretical
ZOD analysis. The dashed line of (G∗)2 = 1 denotes the stability limit. The
growth ratio for configuration B could not be determined due to the small
stability region of the equilibrium
the fact that downhill slippage occurs mainly when the upper
footpad p1 is in contact, since it has the lower friction. This is
in agreement with the theoretical prediction (details of slippage
timing for the simulated dashed curve are not shown). In Fig.
7b, we show simulation curves of xi(t) for two values of
the smaller friction coefficient µ1, in order to illustrate the
sensitivity of the slippage distance with respect to variations in
µ1. Finally, it can be seen that the total tangential displacement
due to slippage in the unstable case of experiment E (Fig. 8b)
is significantly larger than the stable case of experiment C (Fig.
7b). This agrees with the theoretical prediction that increased
slippage during the cycle enables gaining more kinetic energy
from drop in potential energy while slipping down the slope,
which compensates for impact losses and frictional dissipation
and leads to divergence of the bouncing sequence [37].
Next, we analyzed the bouncing sequences of measured
normal displacements zi(t), and computed average ratio be-
tween consecutive peak points of zi(t) along the motion. These
values are plotted in Fig. 9a and 9b as discrete markers plus
standard deviation error bars for fixed legs’ length ∆legs and
different positions of the movable weight along the beam. This
measurement was done only for those configurations, where
the stability region of the equilibrium was large enough to
provide sufficiently long time series. For example, the growth
ratio of configuration B in Fig. 9a could not be measured.
The measured results are compared with the theoretical
computation of squared growth ratio (G∗)2, plotted in Fig.
9a-b as continuous curves. Three curves are plotted which
are calculated under different values of the friction coefficient
µ1, illustrating the high sensitivity of decay (growth) rate
and the stability crossing point (G∗ = 1) with respect to
µ1. The comparison again shows good qualitative agreement
between the theory and experimental measurements, where
discrepancies can be explained by the following observations.
First, as stated above, the experimental biped is, in most
cases, “more stable” than the theoretical system under the
same physical values, showing lower decay (or divergence)
rate of the bouncing sequences. This is due to added energy
dissipation contributed by compression of the footpads and
elastic deformations, effects which are both not accounted
by the theoretical rigid-body model. Second, the ZOD model
ignores all nonlinear effects of the dynamics by evaluating all
accelerations at the equilibrant position under zero velocities
while neglecting all nonlinear effects of rotations and velocity-
squared terms. Furthermore, the ZOD curve of (G∗)2 accounts
only for motion along the cyclic solution associated with the
fixed point ϕ∗ of R(ϕ), and thus ignores the transient response
due to initial conditions which are away from ϕ∗.
Next, in attempt to quantify the deviations of the biped’s
structure from rigid shape, we compare direct tracking of the
hemispherical footpads with the data obtained from tracking
the markers and using kinematic rigid-body transformations
for calculating footpads’ positions. We used the software to
locate the hemispheres as point clouds and calculate their geo-
metric center. The calculations of footpads’ positions using the
two methods have been calibrated by setting a reference value
of pi = 0 at two-contact equilibrium posture before applying
the initial perturbation. We denote ferror = fmarker−ffootpad
where f(·) are contact displacements xi(t), zi(t). The results
are shown in the plots in Fig. 10 for the case of experiment D
(shown in the grid of Fig. 6). This case was chosen since it is
characterized by “marginal stability” where a long bouncing
sequence has been observed with roughly constant magnitude
without quick growth or decay, enabling more reliable data
acquisition. Errors in displacements of the i-th contact are
overlaid with the normal displacement zi(t) (using markers’
data) in order to visually clarify the correlations between errors
and the footpad’s contact state.
Main observations from Fig. 10 are as follows. First, in the
displacements zi(t), when the i-th footpad comes to contact
there is a persistent negative error of “contact penetration” of
up to ∼ 0.5mm. This seems to be a consequence of compres-
sion of the rubber footpad combined with elastic deflection
of the biped’s slender elements. Note that this compression
also resulted in notable deformation of the rubber footpads
from their nominal semi-circle image, which induced noises on
direct footpads’ tracking. In the tangential displacements xi(t),
one can see larger deviations of up to ∼ 1mm, which may be
caused by elastic bending of the legs. Another notable effect is
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Fig. 10. Comparison of markers to footpads tracking for experiment D. Errors in xi(t) and zi(t) overlaid with zi(t).
the rapid jumps in the error of xi(t) from positive to negative,
which occur right after contact release of the i-th footpad (zi(t)
increasing). This can be explained by deflection of the slender
leg when the body moves downhill and the footpad lags behind
constrained by the contact, followed by quick release where
the footpad “catches up“ forward with some overshoot. Finally,
one can clearly see superimposed oscillations in errors of both
xi(t) and zi(t), which may be caused by elastic vibrations of
the biped’s structure. Such oscillations are present both during
contact and released phases of each footpad.
VI. CONCLUSION
In this work, we have presented for the first time an
experimental demonstration of our previous theory of Lya-
punov stability for a planar rigid body with two frictional
contacts [32]. Our chosen example of biped on a slope
with two rubber footpads having unequal friction, results in
crucial dependence of stability on the CoM location, which
can be manipulated by varying the internal structure of the
body. We presented extension of our stability theory in [32]
in order to cover cases of weakly-persistent equilibria, and
derived a simple stability criterion based on fixed point ϕ∗
of the reduced Poincare´ map R(ϕ) and their growth values
G(ϕ∗). The theoretical predictions have been corroborated
by experiments, clearly showing changes of stability of the
alternating impact sequences, from stable Zeno convergence
to unstable divergence via reverse chatter. Using fast video
recording and motion tracking enabled detailed analysis of
the motion and testing validity of the rigid-body model. We
found remarkable agreement with numerical simulations of
the zero-order dynamics under rigid-body model, where some
deviations are caused by compression of the rubber footpads
and elastic vibrations of slender parts of the structure. These
effects add energy dissipation which tends to slightly increase
stability relative to prediction of the rigid-body model. Nev-
ertheless, good agreement between theory and experimental
results is achieved, and the dependence of stability on CoM
position is clearly captured.
We now briefly discuss limitations of our current work
and suggest possible directions for future extension of the
research. First, our stability theory is currently limited to
a rigid body. Extension to stability analysis of frictional
equilibria of robots composed of multi-body links will enable
incorporation of feedback control laws into actuated joints
in order to induce Lyapunov stability. While computational
aspects of this direction are partially covered in [28], we wish
to find low-dimensional models which are amenable to semi-
analytic investigation. This may help in gaining insights and
intuition behind basic mechanisms of stabilization.
Second, we wish to extend the theory to incorporate multiple
contacts and three-dimensional motion. Some initial steps in
this direction have been taken in [38]. Finally, experimental
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realization of feedback stabilization of frictional equilibria
in multi-contact robotic systems based on hybrid-dynamics
theoretical analysis is a major open challenge for longer term.
APPENDIX A
STEPS OF THE PROOF OF THEOREM 4 REQUIRING
PERSISTENCE
The proof of Theorem 4 was given by [32] and it used
a sequence of lemmas and definitions. Below, we make a
list of those ones, which become invalid or useless when the
requirement of persistent equilibrium is relaxed.. Then in the
next section we will present modified statements along with
the outlines of updates proofs, which are necessary to extend
Theorem 4 into Theorem 4a.
First, two pseudo-metrics closely related to (5) are defined
as follows:
D(q, q˙) = max (
√
z1,
√
z2, |z˙1|, |z˙2|, |x˙2|) , (12)
d(q, q˙) = max (
√
z1,
√
z2, |z˙1|, |z˙2|) . (13)
Then, the first statement establishes an important property
of the dynamics: that it must often undergo contact mode
transitions and/or impacts:
Lemma 1 ( [32]). For a given persistent equilibrium con-
figuration of a planar rigid body on two unilateral frictional
contacts, there exist finite positive scalars k1 and c1 such that
any possible solution trajectory under the ZOD assumption
must satisfy the following bounds:
(i) if the system undergoes an impact at time t1 then
D(t+1 ) < k1 ·D(t−1 ) and d(t+1 ) < k1 · d(t−1 ) (14)
(ii) if the systems undergoes no impact or contact mode
transition between times t1and t2, then
D(t) < k1 ·D(t1) and d(t) < k1 · d(t1) for all t1 < t < t2.
(15)
(iii) in addition, if the systems is not in SS mode at t1, then
t2 − t1 ≤ c1 ·D(t1), (16)
and if it is not in SS, PP, NN, PN, or NP mode then also
t2 − t1 ≤ c1 · d(t1). (17)
The next statement characterized the behavior of R and G
near their endpoints:
Lemma 2 (Lemma 3 of [32]). Assume that the maps R(ϕ),
G(ϕ) associated with a persistent equilibrium configuration
are defined at an endpoint ϕ → ±pi/2. Then, there exists a
finite-sized sub-interval (−pi/2, β0] or [β0, pi/2) for which the
growth map G(ϕ) attains a constant value of
G(ϕ) = G± (18)
furthermore R(ϕ) satisfies the following relations:
lim
ϕ→±pi2
R(ϕ) = ±pi2 (19)
lim
ϕ→±pi2
R′(ϕ) = G±, where R′(ϕ) = dR/dϕ. (20)
Next, we present a sequence of definitions culminating in
the definition of stable partitions lying at the core of Theorem
4:
Definition 3. The partitioning induced by an arbitrary finite
collection of scalars C : {−pi/2 < β1 < β2 < ... <
βr < pi/2} is the set of intervals I1 = (−pi/2, β1], I2 =
[β1, β2], ..., . . . Ir = [βr−1, pi/2)
Definition 4. The interval graph associated with a partition-
ing and the map R is a graph with r vertices corresponding to
the r intervals. It has a directed edge Ij → Ik if R(ϕ) ∈ Ik for
some ϕ ∈ Ij . The graph does not have self-edges (Ik → Ik).
Definition 5. I1 and Ir are called extremal intervals
Definition 6. An interval Ik is called safe if G(ϕ) < 1 for all
ϕ ∈ Ik
Definition 7. An interval Ik is called transient if R(ϕ) − ϕ
is either strictly positive or strictly negative for all ϕ ∈ Ik,
and additionally it does not belong to any closed loop of the
interval graph
Definition 8. A partitioning associated with a persistent
equilibrium is called a stable partition if each interval is
safe and/or transient, furthermore G± 6= 1.
Finally, recall that upper indices like ϕ(k), t(k) denote values
of variables at the time of crossing the Poincare´ section for
the kth time. We use this notation to review a lemma from
[32] establishing an important consequence of the existence
of stable partitions:
Lemma 3 (Lemma 5 of [32]). For a two-contact persis-
tent equilibrium configuration, if a stable partition exists
and G+ > 1, (G− > 1), then the extremal interval(s)
in the partition can be chosen so that there exist con-
stants cex and kex such that any solution that satisfies
ϕ(m), ϕ(m+1), ..., ϕ(m+K) ∈ Ir (I1), is bounded by
D(i) ≤ kex ·D(m) (21)
for all i = m,m+ 1, . . . ,m+K + 1, and
t(m+K+1) − t(m) ≤ cex ·D(m) (22)
APPENDIX B
MODIFIED STATEMENTS AND DEFINITIONS
Here we list all the essential additions that extend the main
results of [32] to non-persistent but weakly persistent two-
contact equilibrium configurations.
A. Extension of Lemma 1
The statement of the lemma remains true in the absence of
persistence, however the proof given by [32] requires some
modification at one point. In step 4 of the original proof, we
exploited the inequality
fzi < 0 or z¨j < 0 (23)
for any contact mode M within the set {PF,NF, FP,
FN} and for i, j being the indices of the slipping and of
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the free-flying point respectively. This was a consequence
of persistence. Here we only assume unambiguity. For any
unambiguous equilibrium, the mode M is not consistent in a
state of rest, thus either (23) holds or
− sign(x˙j)x¨j < 0 (24)
Eq. (24) can be used in the proof in the same way as (23).
B. Extension of Lemma 2
In the case of non-persistent systems, the statement in
Lemma 2 does not hold. Instead, the behavior of the R and
G functions can be characterized by the following statement
Lemma 2a. Assume that the maps R(ϕ), G(ϕ) are defined at
an endpoint ϕ→ ±pi/2, and the equilibrium is unambiguous.
Then both endpoints ϕ = pi/2 and ϕ = −pi/2 of the R and G
functions satisfy one of the following two sets of properties:
Set 1: the properties given by Lemma 2 above
Set 2: the reduced Poincare´ map R(ϕ) converges to a constant
value
lim
ϕ→±pi2
R(ϕ) = R± (25)
with |R±| < pi/2. Furthermore the growth map G(ϕ) diverges
to infinity as given by the relation
lim
ϕ→±pi2
G(ϕ)(±pi/2− ϕ) = tan(R±) (26)
Proof. The statement specifies two sets of properties, one of
which is claimed to hold for any system and limit point (ϕ→
pi/2 or ϕ→ −pi/2). In [32], we already showed that Set 1 is
true for any persistent equilibrium and for any of the two limit
points. The proof was based on the observation that a crossing
of the Poincare´ section with ϕ sufficiently near to that limit is
followed by a full cycle of motion in which the only contact
interactions are slipping in one given direction.
For non-persistent systems, the proof developed for per-
sistent equilibria remains valid for ϕ → +pi/2 as long as
(23) is true for those two contact modes, which may follow
immediately after a Zeno point with ϕ→ +pi/2 (specifically:
FP and either PF of NF depending on sign(sinφ1 sinφ2)).
Similarly, the proof works in the case of ϕ → −pi/2 as long
as (23) is true for the other two contact modes.
In what follows, we show that set 2 is satisfied in the
opposite case. We discuss one out of four possible cases in
detail but the other three are treated in an analogous way.
Specifically, assume now that
z¨
(FP )
1 > 0 (27)
and consider a crossing of the Poincare´ section with ϕ ≈
+pi/2. First note that this state corresponds to z1 = z2 =
z˙1 = 0, limϕ→pi/2 z˙2 = 0, x˙2 > 0, i.e. it is uniquely
determined up to to a scalar scaling factor (the magnitude
of x˙2). What follows is an immediate slipping impact (with
vanishing velocity jump in the limit of ϕ → pi/2). If that
impact is a double-contact impact, then R is undefined, which
is outside the scope of the lemma. Otherwise, FP mode
follows after the impact. In FP mode, point 1 accelerates away
from the support surface by (27). Hence, the only way for
the FP mode to terminate is that tangential motion at point
2 stops due to (24) giving rise to stick or slip reversal. In
the state when point 2 stops, the values of the state variables
z1, z2, z˙1, z˙2, x˙2 are again determined up to a scalar scaling
factor, which follows from the analogous property of the initial
state. Furthermore, none of the five values vanishes in the limit
ϕ → pi/2. From this observation, it can be shown that the
value of ϕ upon the next crossing of the Poincare´ section is
determined uniquely and ϕ 6= ±pi/2. Hence (25) is satisfied.
Similar arguments apply if (23) fails for any other contact
mode. This completes the proof of (25).
The proof of (26) is then obtained as the result of straight-
forward calculation, following the steps of [32]. The interested
reader should consult the section entitled ”Proof of equation
(31) in Lemma 3” in the Appendix of that paper. The detailed
calculation is omitted here.
C. Improved definition of stable partitions
The original definition of a stable partition used the values
G±. According to Lemma 2a, G± exists for some non-
persistent equilibria (see set 1 of conditions in the lemma),
but it does not exist for others (see set 2, which includes
limϕ→±pi/2G(ϕ) = ∞). Accordingly, the definition requires
a minor addition:
Definition 8a. A partitioning associated with a weakly persis-
tent equilibrium is called a stable partition if each interval
is safe and/or transient, and additionally if any of G± exists
then it satisfies G± 6= 1.
D. Extension of Lemma 3
Finally, we need to extend the proof of Lemma 3 in order
to cover all possible cases:
Lemma 3a. For a two-contact weakly persistent equilibrium
configuration, if a stable partition exists then the extremal
interval(s) in the partition can be chosen so that there exist
constants cex and kex such that any solution that satisfies
ϕ(m), ϕ(m+1), ..., ϕ(m+K) ∈ Ir (I1), is bounded by
D(i) ≤ kex ·D(m) (28)
for all i = m,m+ 1, . . . ,m+K + 1, and
t(m+K+1) − t(m) ≤ cex ·D(m) (29)
Proof. The case when both endpoints of the R map follows
Set 1 of conditions given in Lemma 2a has been discussed in
[32]. Here we only need to dicuss what happens when one or
both endpoints of R follow Set 2.
As a preliminary step, for those endpoints which follow Set
2, we examine whether the corresponding extremal interval
overlaps with the closed interval (minϕR(ϕ),maxϕR(ϕ)).
If they overlap, we cut the extremal interval into two smaller,
nonempty intervals, such that the reduced extremal interval
does not overlap with (minϕR(ϕ),maxϕR(ϕ)). This is possi-
ble because (minϕR(ϕ),maxϕR(ϕ)) is bounded away from
±pi/2 according to (25) in Lemma 2a and the extreme value
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theorem. We also revise the ’safe’/’transient’ labels of the
intervals affected by the cut. Such a cut preserves the stable
property of the partitioning.
As a result of the cut, the R map does not map any ϕ
into any of the extremal intervals where R follows Set 2 of
properties. Consequently, we may only have m = 1, K = 0
in Lemma 3a. Then, the system may only undergo a bounded
number of contact mode transitions and impacts before these
extremal intervals are left. Then Lemma 1 implies (28), and
(29) in a straightforward way.
E. Proof of Theorem 5
The proof is based on constructing a stable partition of
I under the conditions outlined in the statement. Let ϕ∗i
i = 1, 2, ..., k denote the set of fixed points of R. We consider
the partition induced by the values ϕ∗1−ε, ϕ∗1+ε, ϕ∗2−ε, ϕ∗2+
ε, ..., ϕ∗k +ε where ε is a sufficiently small positive scalar. We
have G(ϕ∗i ) < 1. By continuity of G, it is possible to choose
ε such that G(ϕ) < 1 over every interval containing a fixed
point, i.e. (ϕ∗i−ε, ϕ∗i +ε). Hence all of these intervals are safe.
All remaining intervals are transient because the transition
graph associated with a non-decreasing map may not contain
any cycles. Hence the partition that we have constructed is a
stable one and Theorem 4a implies Theorem 5.
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